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»-MORASSES, AND A WEAK FORM OF MARTIN’S AXIOM
PROVABLE IN ZFC
BY
DAN VELLEMAN!

ABSTRACT. We prove, in ZFC, that simplified gap-1 morasses of height w exist. By
earlier work on the relationship between morasses and forcing it immediately follows
that a certain Martin’s axiom-type forcing axiom is provable in ZFC. We show that
this forcing axiom can be thought of as a weak form of MA, and give some
applications.

1. Introduction. Gap-1 morasses, as defined by Jensen, are quite complicated, and
the smallest height possible for Jensen’s morasses is w,. In [4] we defined a simplified
version of gap-1 morasses which has the added advantage that the definition makes
sense for morasses of height w. For regular k¥ > w, the existence of a (k,1)-morass (a
gap-1 morass of height k) is equivalent to the existence of a simplified («, 1)-morass.
Thus, simplified («,1)-morasses exist in the constructible universe, but their ex-
istence is not provable in ZFC. However, the situation for k = w is different. In this
paper we prove, in ZFC, that simplified (w, 1)-morasses exist. This was also proved
independently by Mark Bickford and Charlie Mills.

In [4] we also stated a Martin’s axiom-type forcing axiom which is equivalent to
the existence of a simplified (x,1)-morass. When k = w this forcing axiom is
therefore also provable in ZFC. As we will see, the axiom can be thought of as a
weak form of MA .

For the general definition of simplified (k, 1)-morasses, and the general statement
of the corresponding forcing axiom, we refer the reader to [4]. In this paper we will
only be concerned with the case k = w. We will give the definitions for this case
below, but first we need some preliminary definitions. Our set-theoretic notation is
standard. In particular, in the definitions below an ordinal number is identified with
the set of smaller ordinal numbers. Thus, if # is a natural number, then n =
{0,1,...,n — 1}, and w is the set of natural numbers.

DEerFINITION 1.1. For any set X let id , be the identity function with domain X. For
s < n < w we define a function f(s, n): n > 2n — s as follows:

7(s.m)(i) = {! s

n+i—s ifi>s.

Received by the editors September 7, 1983. Some of the results in this paper were presented at the
annual meeting of the AMS in January, 1983, and the 7th International Congress of Logic, Methodology
and Philosophy of Science in July, 1983.

1980 Mathematics Subject Classification. Primary 04A20; Secondary 03E50.

Key words and phrases. Morass, Martin’s axiom.

!'Supported by NSF Grant MCS-8201324.

©1984 American Mathematical Society
0002-9947,/84 $1.00 + $.25 per page

617



618 DAN VELLEMAN

DEFINITION 1.2. If # and ¢ are sets of functions let # %= {fog| fEF,
gE Y}

We are now ready to define the morasses we will be working with. To simplify our
terminology, in this paper we will call these structures w-morasses; in the terminol-
ogy of [4], they would be called expanded simplified (w, 1)-morasses.

DEFINITION 1.3. Suppose (n,;|i < w) is an increasing sequence of natural num-
bers; foreachi <j < w, %, y is a set of order preserving functions from n; to n I and,
for each i < w, % is a set of order preserving functions from n; to w,. Then
((nli <w),(F,li <j<w),(F|i <w)) isan w-morass if:

(DVi<wdIs<n(n, =2n-sandF ., ={id,, f(s,n)}).

QVi<j<k<w(Fy=F F).

AVi<j<o(F=FF).

@ Vi< oVf.f, € F3j>i3f.f; € F,3g € F(f, = g fiandf, = g f}).

(B)w, =VU{f"no|f € F}.

Our main theorem on w-morasses is

THEOREM 1.4. (ZFC) There is an w-morass.

Before presenting the weak form of Martin’s axiom which follows from Theorem
1.4, we briefly review the basic terminology of forcing and the statement of Martin’s
axiom. For a more thorough treatment, the reader should see [3]. Suppose P
= (P, <) is a partial order. We will refer to the elements of P as forcing conditions,
and, if p and q are forcing conditions and p < ¢, we will say p is an extension of g, or
p extends q. (Usually the elements of P are partial specifications of some mathemati-
cal structure, and p < g means p specifies everything g does, plus perhaps some
more.) We call p and g compatible in P if they have a common extension—i.e., if
some forcing condition extends both of them. Otherwise, they are incompatible. An
antichain is a set of pairwise incompatible conditions. P has the countable chain
condition (c.c.c.) if it has no uncountable antichains.

A set D C P is dense in P if every condition has an extension in D. D is open if
every extension of an element of D is also in D. A set G C P is directed if every pair
of elements of G has a common extension which is also in G. If 2 is a family of
dense subsets of P then G is P-generic over 2 if G is directed and G intersects every
element of 2.

For any cardinal number k, Martin’s axiom for k (MA ) is the assertion that if P
is any partial order with the c.c.c., 21is a family of dense sets and |9| < «, then there
is a set G which is P-generic over 2. Martin’s axiom (MA) says that MA holds for
every k < 2%,

Now, suppose P = ( P, <) is a partial order and 2 = { D,| & < w, } is an indexed
family of w, dense open sets. For p € P let the realm of p = rlm(p) = {a < w,|
pE€D,},andfora <w,letP, = {p € P|1lm(p) C a}. Let P* =U,_,P,.

DEFINITION 1.5. 9 is weakly w-indiscernible if, for each n < w, @ < w; and order
preserving function f: n - a, we can choose a function o;: P, — P, so that the
following requirements are satisfied:

(1) Ifn < w, @ < wy, f: n = a is order preserving and p € P,, then rlm(o/( p)) =

[ rim(p).
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(2)If n < w, @ < w; and f: n — a is order preserving, then o, is order preserving;
ie.,if p,q € P,and p < g, then o,(p) < 04(q).

(3)Ifn,n, <w,a<w; and f;: n; = n, and f,: n, = a are both order preserv-
ing, theno, ., = o, ° 0.

(4) P* #= 0 and Vn < w, D, N P*isdensein P*.

(5)Ifs <n<w,f=f(s,n)and p € P, then p and o;( p) are compatible in P*.

Our forcing axiom is the statement:
(%) If P is a partial order and & is weakly w-indiscernible, then

there is a set G that is P-generic over 9.

In the terminology of [4], (*) would be called “SFA ,”. (“SFA” stands for “strong
forcing axiom”. A weak form of the forcing axiom is also considered in [4].)

We will give the proof of Theorem 1.4 in §2. In §3 we discuss the forcing axiom
(*) and give some applications.

2. Proof of Theorem 1.4. Let (n,|i < w) and (s,/i < w) be sequences of natural
numbers such that Vi < w (s, < n, and n,,, = 2n; — 5;) and every natural number
appears infinitely often in the sequence (s, |i < w). For every i < w let %, =
{id,, f(s;;n)}, and for j>i+1let F,=F_ o F 5, 10 -+ o F . Itis
easy to see that 1.3(1) and (2) are satlsfled The hard part of the proof is choosing
the sets %, so that 1.3(3)—(5) hold. Before we choose these sets we verify some simple
properties of what we have constructed so far. Most of these are consequences of

1.3(1) and (2).
LEMMA 2.1.Vi <j < w (id, € F)).

PrROOF. By induction on j. For j =i+ 1 this follows from 1.3(1). For the
induction step, use 1.3(2). O

LEMMA 2.2.Vi <j <k < @ (F; C F).

PROOF. Suppose f € %;. By Lemma 2.1, id, €%, so by 1.3Q2), f= °f
EFyoFj=Fy. O

LEMMA23.Vi<j <k <m < @ (F,°F,; C %
PROOF. Use Lemma 2.2 and 1.3(2). O

\./

LEMMA 2.4. Suppose i <j < w, f,, f, €
a, =ayandfi! (a, + 1)=f,1 (a; + 1)

PrOOF. By induction on j, using 1.3(1) and (2). For more details, see [4, Lemma
32]. O

LEMMA 25.Vi <j < w(n; =U{f"n,|f € #;}).

ProoF. By induction on j, using 1.3(1) and (2). O
DEFINITION 2.6. Suppose a <n < w and f: n — ;. We define a function
f/a: n = w, as follows:
(fra)ta=fta,
(f/a)(a+i)=f(a)+i foralli<n-—a.

Fij» a1, ay < n; and fi(a,) = f,(a,). Then
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LEMMA 2.7.Vi < j < wVfE F Va < n,(f/a € Z,)).

ProoF. By induction on j. For j = i + 1, the lemma is true because if a < s; < n;
then f(s;, n;)/a=1d,, if 5; < a <n; then f(s;, n;)/a = f(s;, n;), and, for every
a<n;id, /a=id, . For the induction step use 1.3(2) and the fact that, in general,
(fo8)/a=(f/g(a)*(g/a). O

DEFINITION 2.8. Suppose k < m < w. We will say that the interval [k , m) is large
if Va < n,3i € [k, m) (5; = a).

LEMMA 2.9.Vk < w3m > k ((k ,m) is large).

PrOOF. This follows from the fact that every number appears infinitely often in
the sequence (5,|i < w). O

DEFINITION 2.10. Suppose a is an ordinal and, for each i < w, &, is a set of order
preserving functions from n, to a. Then ( %,|i < w) is an a-construction if 1.3(3)-(5)
hold, except with « in place of w; in (5). The a-construction is good if, in addition,
Vi<oVfeFIm>k>ilge F,Ih€ZF, (f=heogand [k ,m) is large).

LEMMA 2.11. Suppose (%|i<w) is an a-construction, i < w, f,, f, €F,
ay, a, < n;andf\(a;) = f,(a,). Thena, = ayandf, | (a; + 1) = f, | (a, + 1).

PrOOF. By 1.3(4) choose j > i, f], f; € %, and g € &, such that f; = g f] and
f, =g°f, Nowapply Lemma24tof{andf,. O

To complete the proof of Theorem 1.4 we must show that there is an w;-construc-
tion. We do this by building an w;-construction inductively in w,; steps. For each
limit ordinal a < w, we will choose a good a-construction { #|i < w) such that if
B<a and B is a limit ordinal then Vi < w (F? C #%). When we are done,
((nili <), (Fyli <j<w),(Fi < w)) will be an w-morass.

Since we are only interested in limit ordinals, we start the induction with a = w.
For each i < w let # = U, ;%,;. Note that by Lemma 2.2 this is the union of an
increasing chain and, by Lemma 2.1, id, € % “. Using these two facts, it is easy to
verify that 1.3(3) and (4) hold. For (5) (with w instead of w,), use Lemma 2.5 and the
fact that (n,|i < w) is a strictly increasing sequence. Thus, (% “|i < ) is an
w-construction. Lemma 2.9 implies that it is good.

If a is a limit of limit ordinals let % = = U{ %,#| B < «, B a limit ordinal} for each
i < w. It is easy to see that this is a good a-construction extending all previous
constructions. Now suppose a is a limit ordinal, & < w;, the #;*’s have already been
chosen and we wish to define % **“ for all i < w. Since a < w; we can fix a
sequence {@;|i < w) which enumerates a. We will choose an increasing sequence of
natural numbers ( jj|i < w), functions g,, g/ € %,  and h; € % °, and numbers
a; < n;suchthat Vi <

@h;=hi1°8s
(b)g;ta,=gta;
©gi(a;)=a;.1,
D si/a; = g,
©g'n;, < ay,
Ha; €hiy"n;
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(®) 3k (ji < k <ji;1, 8 € Fp and [k, ji1,) is large).
Before choosing j;, g;, g/, h; and a;, we show how they can be used to complete the
proof. So suppose the choice has been made, and (a)-(g) above hold.

For each i < w define a function u;: n; = a + « as follows:

u;l a,=h;l a;,
u(a;+b)=a+b forallb<n; —a,.

CLAM L. Vi < @ (u; = u; 1 °8))
ProOF. First of all, combining the definition of u; with (a), (b) and (c), we have

(ip1°8) 1 a;= (w1 8/(a;) o (gl 1 a) = (U1 1 a141) (8 1 @)
= (his1og)ta;=h;ta;=u;t a,.
Now, suppose b < n; — a,. Then by (c) and (d), g/(a; + b) = a;,, + b, s0
(uir1°8)(a; +b) =upy(a; +b)=a+b=uf(a +b).

CLAM2. Vi< w(h,=u;,,°8).
PROOF. Since g/'n; C a;,;and h, | a;,; = u;,; | a;,, by (a) we have

h, =hi1°8=(hi1 1 a1)°8 =t °8.

Now for i < w we define #*** = (u, ° g|j, > i and g € %, }. In other words, if
k is the smallest natural number such that ji, > i, then ¢ = U, , ({u;}° #
We prove that this is a good (a + w)-construction extending our a-construction by
verifying a series of claims.

CLaM3. Vi< w(u; € 9;{“*“’).

ProOF. By Claim 1, u; = u;,,°g/and g/ € F, ; .

CLAIM 4. Iffey""*“’ then3k < wVm > k3geF,; (f=u,°8g).

ProOF. Choose k and h such that i < ji, h € #, and f = u, o h. We show that
this k works. Clearly the conclusion holds for m = k. For larger m, we use induction.
Suppose m > k and the conclusion holds for m. Then for some g € #; ,f = u,,° g.
Then by Claim 1, f = u, °g=u,,,°8,°8, and g, °gEF, , oF, =F .
Thus the conclusion also holds form + 1.

Note that Claim 4 implics that if k, is any number such that j, > i, then
F20 = U e({ue} e #j)

CLAMS. Vi< w (F*C 5**“*“’).

PROOF. Suppose f € #,*. By (a) and (f) we can choose k < w large enough so that
i <j.andf(n; — 1) € hin;. By 1.3(3) choose g € #,; andh € # *sothatf = heg.
Let a, =g(n,— 1) and a2 = h}(f(n; — ). Then h(a)) = (h°g)(n -1)=
f(n; = 1)=h,(a,), so, by Lemma 2.11, a, = a, and h | (a; + 1) = h, | (a; + 1).
Sinceg’n, Cc g(n; —1)+1=a; +1,

f=hog=(h! (a;+1))og=h;eg.

Thus, by Claim 2, f=h,og=u,,,°8,°g and g, ° 8€EF,..°Fij =Fiju.p 50
fe.a,ra+w

CLAMG6. Vi <j < w(F 70 =F* o F).
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PrOOF. Choose k, large enough that j, - > j. By the remark after Claim 4,

‘%aﬂo: U ({uk} u‘) U ({uk} .UA 1])

k>kg k>ko

U ({uk}°%k)]°ﬁ,~ =Za+w°g§j-

k>kq

CLAIM 7. Suppose i < wand f,, f, € #°7“. Then3j > i3f|,f; € #,;3g € F*7¢
(fi=g°fiandf, = g°f)).

Proor. By Claim 4 we can choose k sufficiently large that j, > i and for some
fi i €Fjo fr = up o fland f, = uy  f;. By Claim 3, uy, € # 7, so we are done.

CLAMB.Vi<w(n; —a;<n; —a;)

PROOF. By (g), choose k such that j; < k <ji,; and g/ € %, . Since g/ is an order
preserving function from n; to n, and g/(a;) = a,,1, n; — a; < ny — a,,. Since the
sequence {n;|i < w) is stnctly increasing, n, <n; ,son, —a,<n; — ..

CLAM 9. U{ f"nolf € 7} = a + w.

PROOF. Since #;* C Z+* we know a € U{ f"ny| f € #,**“}. Thus we only need
to show Vb < w3f € #,°"“ (a + b € f"'n,). So suppose b < w. By Claim 8 choose
i large enough so that n; — a; > b. Then u,(a; + b) = a + b. By Lemma 2.5 choose
g € %y, such thata; + b € g"ny. Then u; o g € #,*"“ and a + b € (u;° g)"ng, as
required.

Claims 6, 7 and 9 show that (% ***|i < ) is an (& + w)-construction, and
Claim 5 says that it extends the a-construction (%,°|i < ). The only inductive
hypothesis still to be checked is that the construction is good.

CLaM 10. (&, **|i < ) is good.

PROOF. Suppose f € #**“. Choose m and g such that j, > i, g€ %, and
f= u,,° g By(g)choose k such that j,, < k <., &, €% ,and [k,j,,,) is large.
THen f = 16, 8 = 11 & & 8 ° 8 € Fips Uy € F,100 and [y, is large,
as required in the definition of good.

This completes stage a + w of the induction, except for the choice of j, g;, g/, h;
and a; satisfying (a)-(g). This choice is made by induction on i. To start the
1nduct10n letj, = 0,hy =id, and a, = 0.

Now suppose j;, 4; and q; have been chosen. We will show how to choose g;, g/,
Ji+1> hisy and a,,. First, by 1.3(3) and (5) we can choose f € # “ such that
a; € f"n;. By 1.3(4) choose k > j, b, f' € %, and p € F,* such that h,=poh
and f= p f'. Now by two applications of the hypothesis that ( %, %|i < w) is good
we choose m, > k, >m; >k, >k, g€ F, r€ZF,, and t €ZFS such that
p = toroqand the intervals [ k;,m;) and [k,, m,) are both large. Since [k, my) is
large, we can choose ¢ €[ k,,m;) such that s, = q(h’(a;)).

Letjiyy = my, hyyy =1, 8 =roqoh’ gl = (rof(s.n)oqoh)/a, and a,,, =
gi(a;). By 1.3(1) and (2) and Lemmas 2.2, 2.3 and 2.7 we have g;, g/ € ¥, C &, ; .
We verify (a)-(g) one at a time.

(@h;=poh’=toreqeh’=h; ,°g,.

(b) By the definition of f(s,, n,) and the choice of c,

f(sw nc) r q(h,(al)) =f(5c’ n(-) Ms.=
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Therefore
gita=(ref(so,n)eqeh’)ta;=(regeh’)ta; =gt a.

(c) Clear.
(d) Clear.
(e)Sincegeh’ € F,

(qoh)yn;, cny <n.=f(s:n)s)=f(sc,n)(q(h(a,)))
Therefore
gin, = (reqeon’)n, cr(f(sen)(q(h(a)))) = gi(a;) = a1

) Sinccf pef =tereqef = h1+'1°"°‘I°f'»ai Ef'n;, Chi"n
(8) 8/ € #,and [kyjix1) =[kym,) is large.
This completes the proof of Theorem 1.4. O

3. Weak MA and applications. By Theorem 1.4, we can fix, for the rest of the
paper, an w-morass ((n,|i < w), (% |i <j<w),(F|i<w)). Before showing
how we can use this w-morass to prove the forcing axiom () stated in §1, let us first
see why (x) is a weak form of MA . We will need the following combinatorial
lemma, a proof of which can be found in [3].

LEMMA 3.1 (A-SYSTEM LEMMA). Suppose A is an uncountable set of finite subsets of
w,. Then there is an uncountable B C A and a set r C w, such that r is an initial
segment of every element of B, and if x, y € B and x # y, then either x C min(y \ r)
ory C min(x \ r).

THEOREM 3.2. Suppose P = (P, <) is a partial order and 2 = {D,| a < w,} is
weakly w-indiscernible. Then there is a c.c.c. suborder Q = (Q, <) of P such that
Va < w, (Q N D, is dense in Q).

PROOF. Let P,, P* and o, be as in §1. First we choose a nonempty countable set
A C P* such that:

(W) Ifn < w,f:n - wis order preserving and p € 4 N P,, then g;( p) € 4.

QlfpeAandn < w,thenig€e A N D,(q < p).

B Ilfs<n<wandpe AN P,thendg € 4(q < pand g < o ,y(P))

It is not hard to build up such a set in countably many steps, using (1), (4) and (5)
in the definition of weak w-indiscernibility. Now let O = {o,(p)|In <w(p €4 N
P,and f: n - w, is order preserving)}.

To see that Q = (Q, <) is c.c.c., suppose X C Q and |X|= w,. Since 4 is
countable, we can assume that for some fixed n <wandp € 4 N P,, X = {o,(p)|
a < w, }, where for each a < w,, f,: n = w, is order preserving. Now apply the
A-system lemma to the set of ranges of the f,’s to choose a, 8 < w, and s < n such
thatf, I s = fg I sand f'n C fg(s).

Let R=f/n VU fg'n and m = |R| = 2n — s, and let g: m — R enumerate R, in
order. It is not hard to see that f, =geid, =gl n and f3 = g° f(s,n). Let
g = 0;4(p) € AN P, by (1) above, and by (3) above choose r € 4 such that r < ¢
and r < oy ,,(q). Choose k > m such that r € P, and let h: k — «, be any order
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preserving function extending g. Then Acid, = geid, = f, and A f(s, n)eid, =
g f(s,n)=fg, 0
o,(r) < o,(q) = Opoia,(P) = O/E(P)
and
0,(r) < Oh("/(s.n)(CI)) = ohof(s‘n)oid,,(p) = %(P)~

Therefore o, ( p) and ofﬂ( p) are compatible in Q, as required.

Now fix @ < w;. To see that Q N D, is dense in Q, suppose n < w, p €A N P,
and f: n = w, is order preserving, so o,(p) € Q. Let R = f"'n U {a} and m = |R|,
and let g: m — R enumerate R, in order. Let ¢ = 0,-1.,(p) € 4, by (1) above, and
by (2) above choose r € A such that r < g and r e D,-1(4y- Choose k > m so that
r € P, and let h: kK > w; be any order preserving function extending g. Then
o, (r)egn Dyg1ap = Q N D, and 0,(r) < 0,(q) = Ohogtof(P) = 0/(P)> as re-
quired. O

COROLLARY 3.3. MA,, — (*).

PROOF. Apply MA , to the c.c.c. order Q from Theorem 3.2. O
Of course, Corollary 3.3. is superseded by

THEOREM 3.4. (ZFC) () is true.

PROOF. Since this is really just the case k = w of Theorem 4.1 of [4], we just give a
brief sketch of the proof.

Suppose P = ( P, <) is a partial order, and 2 = { D,| a < w,} is weakly w-indis-
cernible. Let P,, P* and o be as in the definition of weak w-indiscernibility. We will
need to modify the functions in the w-morass slightly, so we introduce the following
notation: Suppose n < w, f: n = w, is order preserving and a < B. Then f,; is the
function with domain « - n defined as follows:

fopla-i+8)=B-f(i)+8& foralli<n,d<a.

It is easy to see that f,4 is order preserving.

In order to construct a generic set we choose an increasing sequence of natural
numbers (a;|i < w) and a sequence of forcing conditions  p,|i < w) such that:

D Vi<ow@lm(p,)Ca;-n;).

@ Vi <)< wVfEF(f,,"(a;n)Crim(p).

B)Vi<j<weV€ZF, (p <0, (p))

We leave the details of the construction to the reader.

Now let G = {of (p)i < w, f€F]}. Using (3) above and 1.3(4) the reader can
check that G is directed. To see that G meets all the dense sets use (2) above and
1.3(5). O

To illustrate the use of w-morasses and (*) we give two examples of applications.
Both of the theorems were already known, but the proofs given here are new.

THEOREM 3.5 (KEISLER AND GALVIN, INDEPENDENTLY; SEE [2]). There are tree
orders <,on w, for i < w such that:
1) Vi < w((wy, <;) is a tree of finite height).
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Q) Va, < Vi<w(a<;B—oa<,,,B—>a<p).
B)Va<B<wdi<w(a<;B)

PROOF. One way to prove this is to apply (*) to the obvious partial order for
constructing such a sequence of tree orders with finite forcing conditions. However,
it is easier to define the tree orders directly from the w-morass.

For each i < w define <, by

a<;Beo3feFIa<b<n(a=f(a)andp =[(b)).
To prove that <;is a tree order, we will need the following

CLAIM. Suppose f € #,,b < n;and B = f(b). Then {a|a <,8} = f"b.

ProOF. Clearly if a < b, then f(a) <, 8. Now suppose a <; 8. Choose g € &%, and
a <c¢<n; such that g(a)=a and g(c)= B. Then since g(c)= B = f(b), by
Lemma 2.11,c = band gl b = f| b. Therefore a = g(a) = f(a) € f"b.

To see that <;is transitive, suppose a <;8 <,y. Choose f€ %, and b < ¢ < n,
such that f(b) = B and f(c) = . Since a <, 8, by the claim there is some a < b such
that f(a) = a. Clearly a < c, so @ <, y. Since all functions in %, are order preserving
it is clear that if « <, B8, then & < B, so < is irreflexive.

Now suppose B8 < w,;, and choose f € %, and b < n, such that 8 = f(b). By the
claim the set of <;-predecessors of B is f”b, which is clearly linearly ordered by
<, with order type b < n;. Thus (w,, <;) is a tree with height n,.

To verify (2) above, suppose a <;B. Choose f € % and a < b < n; such that
f(a) = a and f(b) = B. By 1.3(3) we can choose g € &, ,,, and h € % such that
f=hog. Then g(a) < g(b) < n,,, h(g(a)) = f(a) = & and h(g(b)) = f(b) = B,
so a <,,; B. We have already observed that a <; 8 — a < f, so (2) holds.

Finally, for (3) suppose a < B < w,. Choose f;, f, € #, such that a € f{'n, and
B € fy'n,. By 1.3(4) choose i > 0, f, f, € #,, and g € %, such that f, = g f{ and
f,=g°f;. Then a, B € g"n;, so we can choose a, b < n; such that a = g(a) and
B = g(b). Since g is order preserving and a < 8, we must have a < b. Therefore
a<,p. 0O

For our second application, we need the following

DEFINITION 3.6. If A, B C w then 4 C* B if A\ B is finite. An w,, w¥-gap in
P(w)/finite is a pair of sequences of subsets of w, <<Ag|a < w1>, (A},| a < w1>>,
such that:

(1) Va < B < w; (45 C*Ap C*Ap C*A4)).

(2)-3X C wVa < w, (42 c*X c*4).

THEOREM 3.7 (HAUSDORFF; SEE [1]). There is an w,, w}-gap in $(w)/finite.

PrOOF. Hausdorff constructed his gap from countable pieces. We will apply (*) to
a partial order for building a gap from finite pieces.

We will construct characteristic functions for the sets in the w,, w}-gap, rather
than constructing the sets themselves. Thus our goal is to construct a function
F: w; X 2 X w = 2 such that, letting 4, = {n < w| F(a, i, n) = 1} for each i <2
and a < w,, <<Ag| a< w1>, (A{,| a< w1>> is a gap. Translating 3.6(1) and (2) into
properties of the function F, we have the following requirements which must be met:

M) Va<B<wIdi<wVjzi (F(a,O, j)< F(B,0, j) < F(B, 1, j) <
F(a,1, j)).
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(2)=3f€“2Va < w i < wVj 2 i (F(a,0, j) < f(J) < F(a, 1, j)).
Let us call a function F: w, X 2 X w — 2 satisfying (1) an w,, w¥-sequence. F is
good if, in addition,

Va < B < w3k < w (F(a,0,k) = F(a,1, k) = 0 and F(B,0, k) = 1).

LEMMA 3.8. If F is a good w,, w¥-sequence, then (2") holds.

PROOF. Suppose not. Let f: w — 2 be a counterexample, and for each a < w,;
choose i, < w such that Vj > i, (F(a,0, j) < f(j) < F(a,1, j)). Choose i < w and
an uncountable set X C w; such that Va € X (i, = i). Now choose a, B € X, a < B3,
such that Vj < i (F(a,0, j) = F(B,0, j)).

Since F is good, we can choose k < w such that F(a,0, k) = F(a,1, k) = 0 and
F(B,0, k) = 1. Since F(a,0, k) # F(B,0, k), by the choice of « and B, k > i =i,
= ig. But then1 = F(B,0, k) < f(k) < F(a,1, k) = 0, which is a contradiction. O

To complete the proof of Theorem 3.7 we now define a partial order for
constructing a good w,, w¥-sequence and apply (). A forcing condition will be a
function p: X X 2 X m — 2 for some finite X C w; and m < w which is good “so
far”; i.e., we require that if o, € X and a < B then 3k <m (p(a,0,k)=
p(a,1,k)=0 and p(B,0,k)=1). Let P be the set of all such conditions, and
order P as follows: Suppose p, ¢ € P, where p: X X2 Xm —>2andq: Y X2 Xn
-2 Let p<q iff gCp and Va,Be YVjE[n,m) (a <B - p(a,0,j)<
p(B,0, j) < p(B,1, j) < p(a,1, j)). For each a < w, define D, C P as follows: If
pEPandp: XX2Xm—2 thenp € D, © a € X. It is not hard to see that P
= (P, <) is a partial order and for every a < w,, D, is dense and open.

Let rlm( p), P, and P* be defined as in §1. Note thatif p € Pand p: X X 2 X m
— 2 then rlm( p) = X. Now suppose n < w, @ < w; and f: n — a is order preserv-
ing. Define o;: P, — P, as follows: Suppose p € P, and p: X X 2 X m — 2. Then
X C n. Let o/(p) =g, where q: (f"X)X2Xm—2and Va€&€ XVi<2Vj<m
(q(f(a), i, j) = p(a,i, j)). Most of the verification of weak w-indiscernibility is
trivial. We will only check 1.5(5).

Suppose s <n < w and p € P,, where p: X X2 X m — 2. Let f= f(s, n) and
q = o;(p). Note that X C n and ¢: (f”"X) X2 X m — 2. We must define r € P*
such that r < p and r < ¢. We could define » = p U ¢, but this might not be good
“so far”; i.e., there might be some a € X\ (f”X) and b € (f”X)\ X such that
-3k <m (r(a,0,k)=r(a,1,k) =0 and r(b,0, k) = 1). To fix this, we define r:
(XUf'X)yx2X(m+1)— 2sothatp U g C rand

r(a,0,m)=0 foralla € X,
r(a,1,m)=0 foralla € X\(f"X),
r(a,1,m)=1 forallae XN(f"X),

r(a,0,m)=r(a,1,m)=1 forallae (f"X)\X.

We let the reader verify that r € P* and r < p, g, as required in 1.5(5).
By (*), there is a set G that is P-generic over 2 = {D,| a < w;}. Let F = UG. It is
easy to see that F is a good w;, wf-sequence, so by Lemma 3.8 we are done. O
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